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Lecture 5: Putinar’s Positivstellensatz (Theobald §6.7)

1 Setup

Definition 1. A subset M C R[x] is called a quadratic module if:
1. 1eM;
9. M+ MC M:;
3. a*M C M for every a € R[x].

The set of all sums of squares in R[x] is denoted by > R[x]* = {a? + - -- + a2, | a; € R[x]}

Given g1, ..., gm € R[x]|, define

QM(g1, .- -+ gm) = {00+0191 + -+ OmGm ‘ o; € ZR[X]Q}.

It is the smallest quadratic module containing g, ..., gp,.

Let g1,...,9m € R[x] = Rlxq,...,2,]. We say that g1,..., ¢, satisfy Putinar’s
property if every polynomial that is strictly positive on S(gi,...,gn) belongs to

QM (g1, -, gm)-

A quadratic module M is said to be Archimedean if

3N € N such that N—Zx?EM.

=1

Remark 1. If QM(g1,...,9m) is Archimedean, then S(gi,...,gm) is compact. On
the other hand, if S(g1,...,9m) is compact, then there exists N € N such that

=1

Consequently,

S(gla"'7gm) :S (9177gm7N_Zx?> .
=1



Example 1. Consider
g=(1-2%?%  f=1-2"€Rl

Claim: QM(g) is Archimedean. Indeed,
2 4 2y
2—x2:§+—(x3—§m> +-(1—2%)?3.

Thus,
2_1:2:0-0"'0-197

2 4( s 3 2 4
=-—+-(2° -z = .
=373 2v) LT3

Hence 2 — x? € QM(g), so QM(g) is Archimedean. Moreover,

where

S(g) = [=1,1].

The polynomial
f=1-2?

is nonnegative on S(g), but f ¢ QM(g). Suppose, for contradiction, that f € QM(g).
Then
1 — 2% =09+ 019,

where oy and o1 are sums of squares. Since oy is a sum of squares, write
2 2
UO:&1+"'+ak-

Evaluating at x = 1 gives
0'0(1) = 0.

Therefore,

for every i. Hence each a;(x) is divisible by x — 1, so
a;i(r)? = bi(2)*(z — 1)

Consequently,
oo =(x—1)? (b} +-+b}),

and therefore og vanishes to order at least 2 at x = 1. Also, since
g = (1 - .1’2)3,
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the term 019 vanishes to order at least 3 at x = 1. Thus, the right-hand side
0o+ 019
vanishes to order at least 2 at x = 1. However,
1—2°=(1—2)(1+z)
vanishes to order exactly 1 at x = 1, which is a contradiction. Therefore,

f=1-2"¢ QM(g).

2 Pulinar’s Theorem

Theorem 1. If g1, ..., gm € R[x| are such that QM(g1, ..., gm) is Archimedean then
1, -+, Gm have Putinar’s property.

Lemma 1 (Lemma 6.43). If S(g1,...,gm) is compact and g1, ..., gm have Putinar’s
property, then, for any gm+1 € Rlz], the polynomials

g1y 9m, Gm+1
have Putinar’s property.
Example 2 (Example 6.45). For any N € Z~q, the polynomial
N — me € Rlxy, ..., z,)
i=1
has Putinar’s property.

Proof. Assume that QM(gy, ..., gm) is Archimedean. Then there exists N € N such
that

N — me € QM(g1,- -, 9m)-
i=1

By (6.4.5), the polynomial

has Putinar’s property. Hence, by (6.4.3),

gi,---5,9m, N_szz
=1
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have Putinar’s property. Moreover, since

N—Z[L’ZQ € QM(gla"'vgm)7

=1

adding this polynomial as an additional generator does not change the quadratic
module. Therefore,

QM(gl,...,gm,N Z:p) QM (g1, -, gm)-

Also,
S(gla"'7gm) :S<g1,,gm,N—ZfE?> .
=1

Thus, if f > 0 on S(g1,--.,9m), then

fEQM(gl,...,gm,N Zx) QM (g1, -, gm)-

Hence g1, ..., g, have Putinar’s property. O
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