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Preorders

Recall from last time: an ordered field (K, <) is Archimedean if for all a,b € K
with b > 0, there exists an n € N such that n-b > a.

Also recall Holder’s Theorem: If (K, P) is an Archimedean ordered field, there
exists a field embedding ¢ : K — R where ¢(P) C R and this map is uniquely
determined.

Recap of proof. For a € K, define I, = (—o00,a] NQ and J, = [a,00) N Q. It turns out
that we require
¢(a) =sup I, = inf J,.

We’ve checked that ¢ is additive and multiplicative. We can also observe that
¢(1) =supl =inf J; = 1.

Finally, observe that if a <p b, then we have J, C J, and therefore ¢(a) = inf J, <
inf J, = ¢(b). Apply this to a = 0 to obtain that for all b € P, we have ¢(b) € Rxo,
and we are done. O

Definition (1.1.23). A preorder of a field K is a subset T C K such that
() T+TCT,TT CT
(ii) a*> €T, VYae€K.

T is said to be proper if —1 ¢ T.

Comments:

e Positive cones are proper preorders.

If T is improper, —1 € T'and 1 € T'. For any = € K, we then have

2 2
. r+1 _ rz—1 cT
2 2

by preorder properties (i) and (ii), therefore 7' = K.

If {T;}icr is a family of preorders of K, then (,, T; is also a preorder.

T =" K? is the smallest preorder in any field K.
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o If {T;};c; is a family of preorders of K which is upward-closed (i.e. for all

i1,13 € I there exists an i3 € I such that T;, UT;, C Tj,) then (., T; is a
preorder.

e For S C K,
PO(S) =< > Setit .t ir €Nty € SU{1}, S € K

ee{0,1}"

is the preorder generated by S and one can check that this is the smallest
preorder of K containing S.

Lemma. [fT C K is a proper preorder and a € K\T', then T—aT = {s—at : s,t € T'}
is again a proper preorder of K, which contains T.

Note: if a = —1, then T'— aT =T.

Proof. (It is easy to check that T'— aT is a preorder of K). Now, suppose that
—1 € T'— aT. Then, there exist s,t € T such that —1 = s — at. Since 1" is proper
this requires ¢ # 0, hence a = (s + 1)/t = (1/t*)(t(s + 1)) € T, contradicting that
a € K\T. Thus —1 ¢ T — aT so it is a proper preorder. O

Proposition. Any proper preorder is contained in some positive cone.

Proof. Fix a preorder T' C K. Let T be the family of all preorders containing 7'
Note that 7 is a poset whose chains are upward closed, hence every chain has an
upper bound in 7. By Zorn’s Lemma, we then have that 7 has a maximal element
P. To show that P is a positive cone, it is enough to show that P U (—P) = K. Let
a € K.If a € P, we are done. If a ¢ P, then P — aP is a preorder containing P, but
P is maximal so P = P — aP. Therefore —a € P —aP = P so a € —P, and we are
done. 0



