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Ordered Fields (cont.)
Let (K, P) be an ordered field and P C K be a positive cone, i.e.
1. P+PCPPPCP
2. PU(-P) =K
3. PN (—P)={0}

and a <p b <= b — a € P be the corresponding total order.

For a € K, define

1 if ae€ P\{0}
sgnp(a) =< —1 if ae —P\{0}
0 if a=0

Remark 1. We can have different orderings on the same field.

Example 1. Consider K = Q(v/2), and the two embeddings Q(+/2) 2R and

Q(v2) B R by
d1(a+bV2) =a+bV2

and

d1(a+bV2) = a—bV2.

Then, one can see that P = ¢ (Rsg) and Q = ¢5 " (Rso) are distinct positive cones
in K.

Note some definitions we can make within the context of an ordered field:

e Intervals: [a,b]p C K, and other forms of intervals, have the same meaning as
in the field R

e Absolute value: Define |a|p = sgnp(a)a

e Triangle inequality: Fix any a,b € K. If ab > 0, then |a + b|p = |a|p + |b|p.
If ab < 0, then |a + b|p < max(|a|p, |b|p) < |a|p + |b|p.

If (K, P) is an ordered field and Ky C K is a subfield, then (Ky, Ky N P) is an
ordered field. We say (K, P) is an order extension of (K, Ky N P).
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Exercise 1. If P and @) are positive cones in K such that P C @, then P = Q).

A consequence of the above exercise is that if for an ordered field K we have > K?

is a positive cone (which is true for R, for example) then it is the only positive cone
in K.

Definition 1 (Definition 1.1.16). An ordered field (K, <) is Archimedean if for all
a,be K, if b > 0 then there exists an n € N such that n-b > a.

For example, the field R(x) with positive cone

P {0 5 0400) > 0} u (0}

is not Archimedean: notice that for any real number ¢ > 0, we have <5* € P by
definition of P, and therefore ¢ > x.

Theorem 1 (Holder’s Theorem). If (K, P) is an Archimedean ordered field, then
there exists a unique field homomorphism ¢ : K — R such that ¢(P) C Rsg. Such a
map 1s called an order embedding.

Corollaries:
e The only embedding from R to itself is the identity.

e If K D R is a proper extension, then K does not have an Archimedean embed-
ding.

o Indeed: R C K so if ¢ : K — R is an Archimedean embedding, then
¢|r = id so ¢ cannot be injective, contradicting Holder’s Theorem.

Proof (of Holder’s Theorem). For any a € K, define

I,

(—00,a] NQ

and
Jo = [a,00) N Q.

Note that since Q 4 R is an order embedding, we can think of I, and J, as subsets
of R. Now, for all x € I, and y € J, we have x < y, and also Q = I, U J,. Thus, if
¢ : K — R is an order embedding, we must have that

¢(a) =sup [, = inf J,



i.e. the definition of ¢ is forced. Note that since K is Archimedean, I, and J,
are nonempty. Now, notice that for a,b € K, I, + I, C I, and therefore ¢(a) +
o(b) < ¢(a +b). However also J, + Jy C Jays, s0 ¢(a) + ¢(b) > ¢(a + b), and thus
o(a) + ¢(b) = ¢p(a+b). Define It = I, NRso and J = J, NRsq. Then,

LI} C T}

and
VAN A el A
Therefore ¢ is multiplicative on P, hence multiplicative. It remains to show that

¢(1x) = 1g and ¢(P) C Rx. L



