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Lecture 3: Polya’s Theorem (Theobald §6.6)
Setup: For any a = (a1,...,an) € Z%, let X* denote the element 27".. ... 2" in

R[z1,...,z,] = R[x]. In this case, deg(x®) = |a] = > " a;, and f = > cox* € R[X]

is homogeneous if deg(x®) is constant over nonzero c,.

Theorem 1 (Polya’s Theorem). Let P(x) € R[xy,...,x,] be a homogeneous polyno-
mial such that P(x) > 0 for all x € R%, \ {0} (equivalently, P is strictly positive on
the unit simplex). Then for all integers N sufficiently large, the polynomial

(21 + -+ @)V P(x) (1)
has nonnegative coefficients (with respect to the basis of standard monomials {x}aezn ).

Proof. Set P(x Z coX® = d =degP.
lor|=d
We expand using the multinomial theorem:

(14 -+ 2,)VP(x Z Z( (fyl,...,wv)xaH)

laj=d |y|=N

= > > (Co‘(ﬁl—al,...,ﬁn—an) B)

|B|l=d+N |a|=d
asp

( 8 = o+, change summation order)

= > N N'B'ZCQH@ = 1) (B; — (o — 1)) | 2°.

|B|=d+N |ar|=d i=1

(Note: ('717~]-\~[7'7n) = %,L'%,)

Define the auxiliary polynomial

gp(@r, . an t) = Y co [ Jailwi = 1) (25 — t(a; — 1)),

la|=d i=1
which is independent of N. Observe that gp(x,0) = P(x), and

(5 N 5 )gp(ﬁl,...,ﬁn,l) = coefficients of 2% in (21 +---+xn)NP(x).
1+ DPn
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To complete the proof of Theorem (1} the following claim will suffice.
Goal: Show that gp(5y,...,B,,1) > 0 for all 8 with |5 =d+ N, for N > 0.

By assumption, gp(x,0) = P(x) > 0 for all z € R%;\ 0. By continuity, there
exist open neighborhoods x € Sy C R™ and 0 € Uy C R such that gp > 0 on Sy x Uy.
Consider the unit simplex

An:{XERn‘xZEO,x1++xn:1}

This has an open cover determined by (Sx N A, )xea, . Use Heine-Borel to get a finite
subcover {Sx N A, }xex, where X C A,, is some finite set. Set

U=()Ux
xeX

an open interval containing ¢ = 0.
By homogeneity (and note that deg(g) = d),

gr(B1, ..., B 1) = (d+ N) gp (dle,...,dﬁ"N,diN> :
Observe:
1. (dle,...,dﬁ’;V> €A,
2. ClJ%NGUforN>>O.
Therefore, gp(51, ..., 0, 1) > 0, and the goal is achieved. H



