
MATH 8102 Fall 2026 Scribe: Konstantinos Bizanos
October 7, 2026 Editor: Tim Duff

Lecture 17: Signature and Rank of the Hermite Matrix,
Newton–Girard Formulas

1 Signature and Rank of the Hermite Matrix

Theorem 1. For f non-constant:

a. rank(H(f)) = #
{

distinct roots of f , in an algebraic closure K ⊇ K
}

.

b. If K = R real-closed, then sign(H(f)) = #{distinct roots of f in R}.

Proof. Finish proof of (b).

Notation: Let α1, . . . , αr′ be the distinct real roots of f . Additionally, αr′+1, . . . , αr

are the distinct non-real roots, ordered such that

αi = αi+s, i = r′ + 1, . . . ,
r′ + r

2

where s = # non-real conjugate pairs. We remind that

x⃗TH(f)x⃗ =
(
V (f)x⃗

)T (
V (f)x⃗

)
.

which can be rewritten as follows :

x⃗TH(f)x⃗ =
r∑

i=1

ordαi
(f)

(
Lαi

(x⃗)
)2

=
r′∑
i=1

ordαi
(f)

(
Lαi

(x⃗)
)2

+

(r+r′)/2∑
i=r′+1

2 ordαi
(f)

[
ReLαi

(x⃗)2 − ImLαi
(x⃗)2

]
.

Let

Lαi
(x⃗) = aTi x⃗, i = 1, . . . , r′

Re(Lαi
)(x⃗) = bTi x⃗, i = r′ + 1, . . . ,

r + r′

2
,

Im(Lαi
)(x⃗) = cTi x⃗, i = r′ + 1, . . . ,

r + r′

2
.
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aTi , b
T
i , c

T
i ∈ Rn. Since α1, . . . , αr are distinct, the coefficient vectors of Lα1 , . . . , Lαr

are linearly independent over C. Hence aT1 , . . . , a
T
r′ , b

T
1 , . . . , c

T
i , . . . are R-linearly inde-

pendent. So we can write
H(f) = LTDL,

where

L =



aT1
...
aTr′

bTr′+1
...

cTr′+1
...
dT1
...

dTn−r



complete {ai, bi, ci} to a basis of Rn.

and

D = diag
(
ordα1(f), . . . , ordαr′

(f), 2 ordαr′+1
(f), . . . ,−2 ordαr′+1

(f), . . . , 0, . . . , 0
)
.

Notice that ordα1(f), . . . , ordαr′
(f) contribute r′ to the signature; and

2 ordαr′+1
(f), . . . ,−2 ordαr′+1

(f)

cancel in signature.

2 Newton–Girard Identities

We recall that if K is a field, f(t) = tn + a1t
n−1 + · · · + an ∈ K[t] with roots

α1, . . . , αn ∈ K, where K is some algebraic closure of K,then the k-th power sum
(Newton sum) is

pk(f) = αk
1 + αk

2 + · · ·+ αk
n

We show that
pk(f) = −

(
a1pk−1(f) + · · ·+ ak−1p1(f) + kak

)
.

Proof. Recall the elementary symmetric polynomials e1(x⃗), . . . , em(x⃗) ∈ k[x1, . . . , xm],

ek(x⃗) =
∑

1≤i1<···<ik≤n

xi1xi2 · · ·xik .
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Vieta’s formulas give :

ek(α1, . . . , αn) = (−1)kak, for k = 1, . . . , n.

Work in the ring S = K[x1, . . . , xm][[t]] of formal power series. Consider

n∏
i=1

(1 + txi) =
n∑

k=0

ek(x⃗)t
k. (1)

Taking the logarithmic derivative, we obtain 1

d

dt

n∏
i=1

(1 + txi)

n∏
i=1

(1 + txi)

=
n∑

i=1

xi

1 + txi

=
n∑

i=1

∞∑
j=0

(−1)jxj+1
i tj, k = j + 1

=
n∑

i=1

∞∑
k=1

(−1)k−1xk
i t

k−1

=
∞∑
k=1

(−1)k−1p̃k(x⃗)t
k−1.

where p̃k(x⃗) = xk
1 + · · ·+ xk

n Using 1 we obtain :

n∑
k=1

kek(x⃗)t
k−1

n∑
k=0

ek(x⃗)t
k

=
∞∑
k=1

(−1)k−1p̃k(x⃗)t
k−1.

or equivalently,

n∑
k=1

kek(x⃗)t
k−1 =

 n∑
k=0

ek(x⃗)t
k

 ∞∑
k=1

(−1)k−1p̃k(x⃗)t
k−1

 =
∞∑
k=1

 k∑
i=1

(−1)i−1p̃i(x⃗)ek−i(x⃗)

 tk−1.

1Note that 1 + txi is a unit in S, for all i = 1, . . . , n.
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Equate the coefficients of tk−1 and evaluate for x⃗ = (α1, . . . , αn) :

kek(α1, . . . , αn) =
k∑

i=1

(−1)i−1ek−i(α1, . . . , αn)pi(f)

therefore
kak = −(p1(f)ak−1 + · · ·+ pk−1(f)a1 + pk(f)).

as we desire.
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