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Tarski’s Theorem
Throughout R denotes a real-closed field.

Lemma 1. Let gi,...,9, € R[t]. Define g :=g1...9, and h = ¢'(1 — g*). If there
exists & € R with g;(§) > 0 for all i, then there exists such a & further satisfying
h(E) = 0,

Proof. 1If g is constant then it is a trivial case. Suppose that ¢; < ¢y < ... < ¢y are
the real roots of g.

If N =0, then deg(g) is even and g; are strictly positive on R by I.V.T. Then deg(¢g’)
is odd. Let & be any root of ¢’ finishes the case.

Assuming N > 0, note ¢’ has a root in each of the N —1 intervals (c1, ¢2), ..., (cn_1,¢N)
(by Rolle’s theorem). For |¢] sufficiently large, we have 1 — g(¢)? < 0. Since

1-— g(cl)2 =1- g(cN)2 =1>0,

1 — g has a root in each of the intervals (—oo, ¢;) and (cy, 00). Therefore h has roots
in N + 1 > 1 disjoint intervals covering R \ {c1,...,cy}. Choose £ a root of h on
intervals where all g; are positive.

O

Proof of Tarski’s Theorem. Setup : Let ¢ : A — R, S C R""!, A-semialgebraic,
7 R" — R given by (t,z1,...,2,) — (21, ...,7,). We need to show 7(S) C R"
is A-semialgebraic.

Using normal form and
m m

= JS) =Jn(s),
=1 =1
we may assume,

S ={(t,%) € R""f(t,7) =0,9;(t,7) > 0,5 =1,...,r}

f = Zal(f)t’, g; = Zb]7k<f)tk7 m,miy,..., M, € Z>0, a;, bj7k’ S @(A)[f]
i k=0

For £ € R", write he(t) := h(t,€).
Define for 0 < d < m = deg(f),

Xq = {{ € R"|deg(fe) = d}, Ya={{eR"fe=0}
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Enough to show 7(S5) N X, is A-semialgebraic for all —1 < d < m.
Case 1: d =0, f¢ is a nonzero contant, so 7(S) N Xy = ¢,

Case 2: 1 <d <m , write, fe(t) = ag()tY + ... + ag(§), aq(€) #0,

m(S) Ny ={¢ € R"|3t € R with fe(t) = 0 where deg(fe) =d and (g;)¢(t) > 0}

—

: 1 € € el e
={{ € R"| g sign (H(—fg,gg)) > 0}, where ¢ =g7'.- - g
ee{1,2}" ad(f)

Define,

Haul€) = <ad<§>>2mﬂ(%@f@g§)

whose entries are polynomial in a;e) and g;¢) (Newton-Girard).
By generalized Hermite counting,

o= U 16,

Se{0,+1....,+d}2"

where for S = (S€)ecq1,2y-, we define T(g) = ¢ unless 256{172}T Sé > 0, in which case,

T(S)= () {&€ R"|sign(Hyz(¢) = Set},
ee{1,2}r
S={(t,7) e Rf(t,Z) =0, g;(t,T) >0, j=1,...,r}

—

Since T'(S”) is an intersection of sets defined by fixing the signatures of matrices of
polynomials, it is A semialgebraic. Thus 7(S5) N Y, is A-semialgebraic.

Case 3: d= -1,
T(S)NY_; =7(S)NI_; and S = {(t,£) € R"|h(t, &) =0, g;(t,&) >0 Vj},

with h as in Lemma, observe: he =0 <= g¢ constant <= all (g;)¢ constant.
Therefore,

T(S)N3_; = ﬂ{§ | (gj)e > 0, and constant} is A - semialgebraic.
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