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Semi-Algebraic Sets
Throughout R denotes a real-closed field. Set
f=t"+at" '+ +a,

and
g =bot™ 4+ b

The first part of class was used to fix Theorem 1 from the pervious class. To finish
our studies of Hermite matrices, we prove the following lemma.

Lemma 1. For all k,m € Z>y and n € Z>, there exists a universal polynomial

Pk(zla"'7$n7y07"'ym) GZ[xl7"'7zn7y0a"'7ym]

such that
P(Gl,...,an,bo,...,bm> :Pk(f,g)

for f and g as set above.
Proof. We define Py recursively. Start by defining a function

B +m)=4" Y
X1y, x+m) = . .
n (@1 P (%) + - 2 P(x) + lzy) 1> 0

Using this new function, we define

27::0 ysPs<X) [l = 0
S o ysPris(x) 1>0

This function will work by Newton-Girard identities. O]

P(x,y) =

1 Semi-Algebraic sets & Tarski’s Theorem

Set up: R denotes a real closed field and ¢ : A — R is a ring homomorphism (A
commutative with identity and ¢ is such that ¢(14) = 1g). Given fi,..., fm €
Rlzy, ..., x|, we define

U(fi,..., fm) ={& € R": fi(&) > 0 for all i}

S(fir- o f) = A€ € R™ £(€) > 0 for all 7}
Z(fr,.-, fm) ={§ € R": fi(§) =0 for all i}

1



Remark 1. We can define these sets for fi,..., fm € Alx] via ¢

Definition 1. A finite boolean combinations of sets having the form

U(fis- -, [m)
for fi,..., fm € Alx] is said to be A—Semialgebraic
Theorem 1 (Tarski’s Theorem). Let A C R. Consider the coordinate projection
T R x R" — R"
(&m) —n
If S C R™ x R™ is an A—semialgebraic set, then w(S) C R" is also semialgebraic

Remark 2. This should remind the reader of the statement from Fourier-Motzkin
elimination
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