Real AG HW 1 Due September 23

1. Let P C R™ be a polyhedron, T : R® — R™ any linear map, and let

T|p

: P — R™ denote the restriction of T to P. Prove graph(T'|p) C R**™

and image(T|p) C R™ are polyhedra.
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. Consider any H-represented polyhedron

P={xeR"| Ax < b}. (1)

Prove that P is closed in the usual Euclidean topology.

Prove that P is convex: this means for any xi,...,X; € P that P
contains all points of the form

X1+ Xk, AL LA E[0,1], M+ =10 (2)

The convezr hull of finitely many points x1,...,x; € R™ is the set
conv(xy,...,Xr) C R™ consisting of all convex combinations (2).
Prove conv(xy,...,Xy) is a compact polyhedron (aka a polytope.)

An extreme point x € S in a convex set S C R" is any point which
cannot be written as a strict convex combination of other points in S:
in other words, if x = Ay + (1 — \)z for y,z € S, we must have A =0
or A = 1. Prove that x € P is an extreme point of the polyhedron (1)
if and only if there exists an n x (n+ 1) submatrix (A’ |b’) of (4 |b)
with rank A’ = n and A’x = b/'.

The Krein-Milman Theorem from functional analysis implies that
any compact, convex subset S C R” is the convex hull of its extreme
points. Using this result, deduce that polytopes are precisely those
polyhedra which can be represented as the convex hull of finitely-
many points (this is often known as a V-representation.)

Consider the simplex A = {(z,y) € R? | g;(z,y) > 0,7 = 1,2,3}, where

g1(z,y) =z, 92(z,y) = y,93(x,y) =1 — z — y. Prove that the polynomial

flzy) = (3/4) (&% +y®) —ay +1/2

is positive on A by finding a quadratic Handelman representation

f= Z cﬁgllggzgg?’, cg > 0.
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(This is doable by hand.)

Determine the smallest positive integer N such that the polynomial

@+y+2)N (2 —y)?+y*+ (2 - 2)%) €R[z,y, 2]

has all nonnegative coefficients in the standard monomial basis.
(For this problem, you probably need a computer.)



